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Introduction
Engineered slopes and earth structures are commonly built with a planar profile in cross section. However, it has been shown that concave slopes offer higher stability (e.g., Sokolovskiĭ
1960; Utili and Nova 2007; Jeldes et al. 2013 ) and better erosion resistance (e.g., Rieke-Zapp and Nearing 2005; Schor and Gray 2007; Jeldes et al. 2014 ) when compared with the equivalent planar slopes. Utili and Nova (2007) demonstrated the higher stability of concave slopes and argued that such higher stability may also explain the concave shape of perimeter walls of some typical Japanese castles (Nishida et al. 2005; Utili and Nova 2007) . Moreover, natural slopes with concave profiles can often be seen further implying that concave slopes are an efficient outcome of geomorphological evolutionary processes (e.g., Gray 2013 ). Fig. 1 shows an example of a natural concave slope located on US-101, north of the Alsea Bay Bridge in Waldport, Oregon. Recent advances in auto-guided construction equipment along with increased precession in three-dimensional mapping technology allow and facilitate construction of such concave profiles in engineered slopes and earth structures (Jeldes et al. 2013; Jeldes et al. 2014) . For geosynthetic-reinforced soil structures, Vahedifard et al. (2016a) showed that D r a f t 4 using concave facing profiles can decrease the required tensile strength of the reinforcement by up to 30% under static and seismic conditions.
Few attempts have been made to analyze concaves slopes and to quantify the contribution of such concave profiles to stability and erosion resistance of earthen slopes (e.g., Sokolovskiĭ 1960; Utili and Nova 2007; Jeldes et al. 2013; Gray 2013) . Sokolovskiĭ (1960) used the slip-line field theory and showed that the slope surface at the limit equilibrium (LE) state has a concave profile. Sokolovskiĭ (1960) used the method of characteristics to solve the equations of limiting stresses. His solution leads to two differential equations, referred to as characteristic equations, to describe the direction of the slip lines (Sokolovskiĭ 1960) . This method involves a rigorous numerical solution for frictional soil with non-zero unit weight. Jeldes et al. (2013) used the Sokolovskiĭ solution for a weightless medium and presented an approximate solution which transformed Sokolovskiĭ's differential equations into a hyperbolic expression representing the optimal concave profile of slope. Jeldes et al. (2014) used the latter approximate solution along with an erosion model and showed that concave slopes yield 15 -40% less sediment than alternative planar slopes with the same factor of safety. Utili and Nova (2007) used two log spirals: one spiral to represent the concave slope profile and the other for the slip surface, in the context of the upper bound limit analysis (LA) method. Utili and Nova (2007) presented a series of stability charts and showed that concave slopes can significantly enhance stability. All the aforementioned methods only considered a level backslope and static condition.
This study presents a methodology to determine the stability number and optimal profile of concave slopes. The concave slope profile is idealized using a circular arc defined by a single variable, the Mid-Chord Offset (MCO). There are several features which distinguish the proposed formulation from alternative formulations: a) Using MCO as a practical approximation of constructible concavity in a LE-based slope stability formulation, b) modifying LE-based log spiral slope stability formulation to deal with concave slopes, c) considering non-horizontal D r a f t 5 backfills, and d) including horizontal and vertical seismic coefficients in the stability analysis of concave slopes.
Formulation and Proposed Framework
Optimizing a slope profile can help to achieve a more stable slope and, potentially, more economical design. Usually the locations of toe and crest are prescribed by the project.
Consequently, optimization is subjected to geometrical constraints. In the following sections, the slope surface for given height and soil properties is formulated using a circular arc defined by a single parameter, MCO (see Fig. 2b ). The formulation of the concave facing is used along with a LE-based log spiral slope stability formulation. For each slope, the proposed formulation and solution procedure can be used to obtain the stability number for various MCO values.
Depending upon the designer's preference, the optimal slope profile can be defined as the profile that yields the most stable slope or the profile which results in the largest stable concavity, or a combination of both. A designer needs to consider economical aspects and technical needs of the project in order to define the most appropriate MCO and optimal slope profile.
Along with continuous advances in construction technology and equipment, the proposed concave profiles for engineered slopes can be used in practice for native soils in applications such as cut slopes, trenches, open mine excavations, or when cohesion and/or an equivalent support system can legitimately be used for long term design purposes. Potential applications may include rock slopes, earth retaining systems (e.g., Vahedifard et al. 2016a ), cemented/stabilized fill slopes. Cohesion should be accounted for design purposes with great caution and only when its value can be reliably assessed during the life span of the slope (e.g., in cemented soils or native soils). Several design guidelines do not recommend use of cohesion in design, primarily due to significant uncertainties associated with the determination of a reliable apparent cohesion value as well as its tendency to vanish with a change in the degree D r a f t 6 of saturation (e.g., Leshchinsky and Tatsuoka 2013; Vahedifard et al. 2014; Vahedifard et al. 2016b ). Fig. 2 shows the notation and details of the circular arc geometry which is used to represent the concave slope profile. As shown, the curvature of the arc is controlled via MCO, which is a commonly used term in surveying to define circular arcs. The single parameter MCO is the distance between Points 5 and 6 in Fig. 2b . Owning to its simplicity, MCO has been well accepted in projects which require construction of circular arcs (e.g., railroad curves).
Formulation of Concave Facing Profile using MCO
It is desired to obtain the coordinates of any point along a concave profile as a function of MCO, the average slope inclination, β, and the slope height, H. It is noted that β is defined as the orientation of a straight line connecting the toe (Point 1 in Fig. 2a ) to the crest (Point 3 in Fig.   2a ). For the given slope geometry, the Long-Chord (LC) is known, which is defined as the straight line between Points 1 and 3 (i.e., the length of the equivalent planar slope profile).
According to Fig. 2b , MCO and LC can be defined as:
where ܴ and I are the arc radius and the arc angle, respectively. Solving for ܴ in Eq. 1 and substituting it into Eq. 2:
and:
By substituting Eq. 4 into Eq. 1 and using trigonometric relations, ܴ can be determined as:
The center of the circular arc ‫ݔ(‬ ‫ݕ,‬ ) is located on the bisector of LC and can be defined as:
where ζ is the angle of rotation from the toe to the center of the circular arc with respect to the horizontal (see Fig. 2b ):
where 0 ≤ β ≤ గ ଶ
. Substituting Eqs. 3, 4, 5 and 7 into Eq. 6 will yield the coordinates of the circular arc as function of H, MCO, and β:
The y-coordinate of any point on the circular arc can be determined using the equation of a circle defined as:
where ܴ , ‫ݔ‬ , and ‫ݕ‬ can be calculated using Eqs. 5 and 8, respectively. For a given β and H, one can find the optimal slope profile by varying MCO. The lower limit of MCO is zero, representing a planar profile. The upper limit of MCO needs to be selected by taking into account the physical admissibility of the final profile. For steep slopes, the most stable slope profile tends to generate a negative slope at the crest, an overhanging cliff (e.g., Utili and Nova D r a f t 8 2007). However, a negative slope at the crest implies the potential development of tension cracks and therefore, is not considered as permissible in the optimization process. To exclude negative slopes at the crest, a physical constraint is defined to limit the maximum feasible concavity to the case with a vertical tangent at the crest. Subsequently, the range of MCO can be defined as follows:
Slope Stability Formulation
The MCO-based formulation of the concave slope profile, which was introduced in the previous section, is incorporated into the LE log spiral slope stability formulation (Fig. 2a) . The LE formulation for the body defined by the log spiral surface explicitly satisfies the moment equilibrium condition and implicitly satisfies the force equilibrium equations without resorting to any assumptions (e.g., Leshchinsky and Mullett 1988) . The log spiral procedure is recognized as "theoretically the best procedure for analysis of homogeneous slopes" (Duncan and Wright 2005) . The log spiral mechanism in the context of limit state analysis has been successfully used for various homogeneous soil slope stability problems including partially saturated soils, seepage flow, surcharge loads, seismicity, and complex geometry (e.g., Leshchinsky and Mullett 1988; Leshchinsky and San 1994; Vahedifard et al., 2012; 2013; 2015; 2016c) .
The moment equilibrium equation around the pole of the log spiral ‫ݔ(‬ , ‫ݕ‬ ) can be written as ( Fig. 2a) :
where W is the weight of the failure mass, ܿ is the design cohesion, ݇ is the horizontal seismic coefficient, and ݇ ௩ is the vertical seismic coefficient (upward positive). As shown in Fig. 2a , ሺ‫ݔ‬ ீ , ‫ݕ‬ ீ ሻ are the coordinates of the center of gravity of the failure mass, and ‫ݔ‬ ி and ‫ݕ‬ ி are the coordinates of any point along the slip surface. An assumed log spiral failure surface can be D r a f t 9 fully defined using ሺ‫ݔ‬ ீ , ‫ݕ‬ ீ ሻ and log spiral constant, A 1 . The log spiral radius (ܴ ) at any point is defined as ܴ = ‫ܣ‬ ଵ ݁ ିట δ , where ߰ = tan φ (where ϕ is the design internal angle of friction) and δ is the angle of rotation from the pole of log spiral to the point. Explicit form of each contributing moment term is presented in Appendix A.
It is noted that current LE-based log spiral slope stability formulations are derived for planar profiles. Concavity of the slope affects W, and any increases in MCO will decrease W and the associated moment terms in the moment equilibrium equation. In the current study, the log spiral moment equilibrium equation is modified to account for concave profiles. For each MCO, the moment due to the confined area between the planar profile (i.e., straight line connecting Points 1 (p1) and 3 (p3) in Fig. 2a ) and concave profile (i.e., curve connecting Points 1 and 3 in Fig. 2a ) is calculated and subtracted from the pertinent moment terms. The terms used to calculate the moment of the subtracted area due to concavity are presented in Appendix A.
The formulation for the log spiral failure surface in this work is applicable to homogeneous slopes. However, it should be noted that the proposed approach for finding the optimal slope profile can be used along with rigorous LE methods (e.g., Spencer, MorgensternPrice) or numerical methods to deal with more complex problems (e.g., non-homogeneous slopes). Since the log spiral formulation is rigorous and does not require any static assumption, the current formulation creates a benchmark for slope stability methods that involve static assumptions while being capable of dealing with complex slope problems.
Solution Procedure
The solution procedure starts with finding N for a planar profile (i.e., MCO = 0). For given input parameters and MCO, one can follow Taylor's (1937) classic slope stability design charts to find the stability number, N, which is the normalized design cohesion (i.e., ܰ = in the most stable configuration for the steep slope. In such case, it is not difficult to select the optimal MCO, for this value provides both the lowest N and the largest ∆A. However, a different trend was observed for flatter slopes (e.g., Fig. 4 ). Depending upon economical aspects and technical needs of the project, the value of MCO can be selected based on the lowest N (e.g., Point 3 in Fig. 3b and Point 2 in Fig. 4b ) and/or largest ∆A (e.g., MCO corresponding to Point 3
in Fig. 3b ), or the point where the curves for N and ∆A intersect (e.g., Point 2 in Fig. 3b ). For example, for a cut slope, higher ∆A means larger volume of soil needs to be excavated which will cost more. However, for a fill slope with stabilized soil, higher ∆A will reduce the volume of soil to be placed which can be cost effective. This theory is higher in its hierarchy in mechanics when compared to LE. In summary, steep slopes (β > 60 degrees) are typically governed by toe failure (Fig.   5c ). In the case of toe failure for β > 60 degrees, the maximum concavity leads to an optimum slope design and yields the most stable configuration (i.e., lowest N). However, for milder slopes (β < 60 degrees), depending on the concavity, the failure varies between face failure and toe failure. In the case of face failure for β < 60 degrees, N increases with an increase in concavity.
Parametric Study and Stability Charts
Conversely, in the case of toe failure at β < 60 degrees, N decreases with an increase in concavity. The reported results show that in almost all cases the critical N values belong to the slip surfaces going through or close to the toe of the slope. It is noted that while the curved slope is steeper in its upper portion, its 'height' is much less than the height of the entire curved slope. In c-φ slopes not only the slope steepness is playing a role but also its height. The current analysis considers both parameters to yield the critical N.
Effect of Backslope
The effect of backslope on the design of concave slopes is demonstrated in Fig. 6 . More specifically, the results are demonstrated for three different backslopes (i.e., 1V:10H, 1V:3H, 1V:2H) at φ = 30 degrees. The results presented in Fig. 6a depict the variation of N with respect to β for the three backslopes. As it can be seen, an increase in the backslope leads to a slight increase in N. In Fig. 6 , the results are shown for the MCO yielding the most stable configuration (i.e., lowest N). respectively, as β varies from φ to 66 degrees. Fig. 6c illustrates the relative decrease of N with respect to β for φ = 30 degrees. As demonstrated, the relative decreases in N diminishes with an increase in the backslope. As previously noted, the merit of the concave slope is that the N value can be less than that for planar slopes at a specific value for β. However, as it is illustrated in Fig. 6c , an increase in the backslope leads to decrease in the performance of the concave slope. Hence, the N value for the optimum slope profile begins to converge to that for a planar profile.
In summary, the N value increases as the backslope increases, and as the backslope increases, the relative decrease of N decreases. On the other hand, Y e decreases for higher values of backslope. However, it has been demonstrated that the turning angle is independent of the effect of backslope.
Effect of Seismicity
The effect of seismicity is an important parameter in the design of concaves slopes which has not been included in the previous studies of concave slopes. degrees. As shown, the turning angle decreases with an increases in k h for a given φ. As expected, more concavity is required in order to form a stable slope during severe earthquakes.
Also, as k h increases, the turning angle associated with the change of failure mode decreases.
In In addition, for lower values of k h , the maximum reduction of N occurs at β = φ. However, by increasing k h , the maximum reduction of N shifts to the turning angle. In comparison with static conditions (Fig. 5d) , the relative reduction of N is higher in seismic conditions. In other words, the performance of concave slopes for seismic conditions is better than the performance for static conditions. Using concave profiles will reduce the sliding mass and subsequently, its inertia. Under seismic loading, a smaller inertia will lead to a lower destabilization. This could lead to a significant improvement of concave slopes over planar slopes. Overall, the difference in N between planar and concave profiles for seismic conditions increases for increasing values D r a f t 17 of k h . Moreover, the turning angle for seismic conditions decreases with an increases in k h , and toe failure dominates for a wider range of β.
Comparisons with Limit Analysis with Discontinuity Layout Optimization
The results from the proposed formulation are compared with those obtained from the computer program LimitState: GEO (2014) . The program uses the Discontinuity Layout Optimization (DLO) (Smith and Gilbert 2007) linear programming procedure to produce a numerical rigorous upper-bound solution in LA, of plasticity. It automatically identifies, linearwise, the critical layout of slip-lines in a soil mass that is at a limit state. Use of the DLO algorithm eliminates the need for assuming a critical failure mechanism, a step that is required in most alternative LE analyses.
Since LimitState:GEO (referred to as LA-DLO hereafter) uses non-assumptive failure geometry in its formulation, a series of 12 LA-DLO models (6 planar and 6 concave models)
were constructed as a comparison tool, comparing stability number and height of exit point (i.e., mode of failure) attained from the presented LE methodology, which assumes a log spiral slip surface, to LA-DLO, which does not. Different scenarios were simulated for both planar and optimal slopes including two slope angles (β = 70 or 45 degrees), two backslope angles (α = 0 or 26.6 degrees, which is 1V:2H backslope), and two horizontal seismic coefficients (k h = 0 or 0.3). All models consisted of a slope with H = 5 m, γ = 20 kPa, φ = 30 degrees, k v = 0. For each case which was examined, the concave profile obtained from the proposed optimization method was incorporated into the LA-DLO model.
As shown in Table 1 , good agreement is demonstrated upon comparison of N and Y e attained from the proposed LE formulation and LA-DLO. Of the 12 permutations in this parametric study (6 planar and 6 concave slopes), good agreement is demonstrated for all cases which were examined, including those with seismicity and inclined backfill. Fig. 8 provides D r a f t 18 a comparison of failure slip surfaces from the current study versus LA-DLO for two cases of β = 70 and 45 degrees for φ = 30 degrees. As seen, the shape of failure surface and Y e from the proposed LE method for both cases are also in good agreement with the counterpart LA-DLO models.
Conclusions
A methodology was proposed to obtain the stability number and optimal profile of slopes with concave cross section. The slope profile was idealized as a circular arc and the curvature was controlled by a single variable, the Mid-Chord Offset (MCO). The proposed formulation for concave facing profile was incorporated into a limit equilibrium-based log spiral slope stability formulation. Parametric studies were performed for homogeneous slopes with various angles of friction and slope angles, and the effects of seismicity and backslope inclination were demonstrated. Stability number, MCO, and mode of failure for the most stable configuration (i.e., lowest stability number) under static and pseudostatic loading conditions were presented.
Good agreement was demonstrated between the results from the proposed method against those attended from limit analysis with discontinuity layout optimization.
The results from the current study showed that concave profiles can improve the stability of slopes by over 20 percent. For steep slopes, the stability number versus MCO relationship was shown to be monotonic and the maximum admissible concavity (i.e., least slope volume) happened to yield the most stable configuration, For flatter slopes, however, the stability number showed a non-monotonic relationship with MCO, initially decreasing as MCO increases and after reaching a peak point, starting to drop beyond a certain MCO. Depending upon the project requirements and economical aspects, the designer can choose the stability or the slope volume or a combination of both as the optimization target to find the desired MCO for each slope.
The effects of backslope inclination was investigated and it was found that the optimal MCO and mode of failure are almost independent from backslope variation. The performance of concave profile decreases with respect to an increase in backslope. In the same manner, by increasing the backslope, the difference between the exit point of the failure surface and toe of the slope decreases.
The effect of seismicity was also considered in this study. It was shown that the concave shape of a slope can significantly decrease the stability number. In the presence of seismicity, MCO increases with an increase in the horizontal acceleration. This trend leads to dominance of toe failure over a wider range of slopes. The maximum performance of concave slopes is achieved at a lower range of seismic coefficients. However, in the case of higher seismic coefficients, the maximum performance of concave slopes occurs when the angle of the slope is equal to the angle of friction for a given soil which possesses some cohesion. Moreover, the exit point of the failure surface approaches the toe of the slope as the seismic coefficient increases.
The proposed methodology can be used in practice for various engineered slopes such as cut slopes, trenches, open mine excavations, and when cohesion and/or an equivalent support system can be used for long term design purposes (e.g., rock slopes, earth retaining systems, cemented/stabilized fill slopes). Moreover, the algorithm can be used along with rigorous slopes stability methods to deal with more complex problems than log spiral is The explicit form of each contributing moment term in Eq. 11 is shown in the following.
The following equations are derived using normalized parameters in order to generalize the application of the proposed formulation. That is, lengths are normalized by H and stresses are normalized by γH, where γ is the total unit weight of soil. The moment terms are derived based on the geometry of the log spiral surface shown in Fig. 2a .
The moment due to ܹሺ1 − ݇ ௩ ሻ (i.e., the weight of area 1-2-3 in Fig. 2a) , is: 
The moment due to the design cohesion is: 
For concave profiles and for each MCO, the moment due to the confined area between the planar profile (i.e., straight line connecting Points 1 (p1) and 3 (p3) in Fig. 2a ) and concave profile (i.e., curve connecting Points 1 and 3 in Fig. 2a ) is calculated and subtracted from the pertinent moment terms. The subtracted area due to concavity can be calculated as:
Subsequently, the moment arm for this confined area is determined by calculating the center of the geometric center (i.e., centroid) as: Tables   Table 1. Comparison of results from LE (proposed method) and LA-DLO simulations for φ = 30 o List of Figures   Fig. 1 . Example of a natural slope with concave profile, on US-101, north of Alsea Bay Bridge, Waldport, Oregon, USA. Fig. 8 . Comparison of critical slip surfaces from the current study versus upper-bound solution in limit analysis with discontinuity layout optimization for = 30º: a) = º; b) = 70º.
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